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Abstract: The focus of this paper aims at comparison of tvagpostic numerical models with different stratsgier
accuracy improvement. To verify prediction perfonoa of proposed models, the forecasts of aluminaiotk
exchanges on the London Metal Exchange were caotieds numerical solution of the Cauchy initiadkdem for the
first-order ordinary differential equation. Two kedques for accuracy improvement were utilized)agipg the initial
condition value by the nearest known stock exchamgka modification of the differential equationsolved Cauchy
initial problem by means of two known initial vakieWe dealt with an idea of how different price elepment
affected the accuracy of proposed strategies. Yeghrd to obtained results, it was found thatptttgynoses obtained
by using two known initial values were more ingieg or decreasing than prognoses calculated bgingi the initial
condition drift. The strategy of a changing formtbé differential equation in the Cauchy initialoplem can be
considered slightly more accurate. Faster increggedgnoses were more advantageous especially tgea price
increase and within a price increase following phiee decline. A moderate increase of the progndsésrmined by
the initial condition drift fit reasonably well aipe fluctuation and a price decline following thece increase.

1 Introduction [18-21]. The numerical solution of corresponding.€lay

Non-ferrous metals are widely used in many differerinitial problem provided metal price forecasts.
industries. The predictions of metal prices canvio®
references of future investments and make the rig " .
decisions in the industry. Therefore, commodityceri .,
forecasting is very important and active areaeskarch 4
in recent times, although forecasting metal priagth 2500 Gl e
reasonable accuracy is complicated by their cosider 4
variability and uncertainty. It made forecastingremely ~ “[ B
difficult. In view of this difficulties in accuratg 2100
forecasting, different types of predictive mathaost a
models are utilized. The prediction of the futuseoften | Attt
done by means of statistical models based wideli§moa i
series [1-4]. Recently statistical models with rault [ Py
objective programming for non-linear time serieg, [5 iswl 4l
different strategies for automatic lag selectiontime ast
series analysis [6] and functional time seriesyamis|[7,8] fRoges=—="
are mostly proposed. There are a lot of novel lybri g g
methods to forecast commodity prices consistinghef  Figure 1 Aluminium price development on LME inykars
classical GARCH model and neural network model to 2003 — 2006 [18-21]
boost the prediction performance [9,10]. The methiod
time series analysis are also combined by adding The forecasting problem in data set of the monthly
stochastic term to the first-order differential ation. averages of the daily closing aluminium prices 'tCas
Solution of this equation represents the time respo Seller&Settlement price" (in US dollars per tonmegre
function which is capable of creating evolving paftthe examined. The data of our theoretical interestuitet!
commodity price [11]. New tools from machine leagi publicly available aluminium prices on the Londoretsl
artificial intelligence based on neural network andxchange (LME) collected from December 2002 to June
adaptive neuro-fuzzy systems complement tradition2006 [22]. As can be seen in Figure 1 the course of
methods [12-17]. aluminium prices within considered period changes

Our research has been focused on development dshmatically. Therefore, observed data period was
alternative approaches to metal price forecastifige advantageous for assessing the accuracy of afi@nat
forecasting process was decribed by the Cauchialinitprice forecasting within different price movements.
problem for the first-order ordinary differentiaduation
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Non-ferrous industrial metal aluminium wasstudied numerical models were based on solving the
determine as the objective of our research. ltandgh Cauchy initial problem in the form
strength-to-weight ratio combined with excellergrthal
conductivity and good corrosion resistance. It isoa y =ay, Y(X)=VYo- (1)
recyclable metal. Therefore, aluminium is an ativac
material for many applications, including transptan, The particular solution of the problem (1) had the
electrical and packaging industries. It is congden . L aax _ —a%,
symbol of modemity. Present applications of alimim €XPonential formy = ke™", wherek = y, e =% .
include 3D printing, composite materials, nano-gyad In the model using initial condition drift the

biomedicine devices and aerospace uses [23]. coefficient a; was gained by approximating the
aluminium stock exchanges of the approximation tbym
2 Mathematical models the least squares method. Let us consider tworeliffe

In our previous research [18-21] we proposed sever42ys of the approximation terms’ creation, variérand
prognostic numerical models and verified their fagt Variant E [19-21]. In variant B the first approxitica
performance. Based on obtained results, the mostae €M was period January 2003 — June 2003. The next
prognostic approaches were selected. Consider@@Proximation terms were created by sequentiaheide
successful forecasting strategies were presentesvgn ©f this period by three months, see Figure 2. As loa
models, the model using initial condition drift [pa] and S€en in Figure 3, the length of approximation tewas

the model using two known initial values [18,21]l ur ~ constant. Each approximation term of length of weel
months was shifted by one month.

Jan-03 Apr-03 Jul-03  Oct-03 Ja.n-()d Apr-04 Jul-04 .ch-ty Jan-05 Apr-05 Jul-05 Oct-05 Jan-06 Apr-06 Jul-06
Figure 2 Variant B (A — approximation term,P —doasting term) [19-21]
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Figure 3 Variant E (A — approximation term,P —doasting term) [19-21]

According to the acquired exponential approximatiopoints [x;_,,Y;_,], [x;,¥;] to the general solution of the
function ¥ = a,e®*, the Cauchy initial problem (1) was Problem (2) we gained

written in the form Y, = Y,_ et (ixi-1),

y'=ay, y(x)=Y, @)
) ~ After some manipulation the formula of unknown
where x, =i was the last month of the approximationcpefficienta, was determined
term, Y, was the stock exchange in the momth a, = 1 ln( Y; ) .
i~ Xj-1 Yiq

In the _model using two known initial valu.es, tWOSubstituting a, to the Cauchy initial problem (2) we
known points[x;_4,Y;_;] and [x;¥;] were considered, ,piained ?)

wherex;_; x; were the orders of the month and,, Y; P (X _ 3
were stock exchanges in the months,, x;. Substituing Y == (yi_l) y, y&) =Y. @)
fori=123..
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The unknown values of aluminium prices’ prognoseproblem within forecasting process. Based on previo
were computed by means of the numerical method;twhiresearch [19], it has found that replacing theiahit

used the following numerical formulae [24] condition valuey,,,, for s =1,2,..,5 by the stock
exchangeY;,._;, in case that the absolute percentage
Xy =% +h, prognosis error in the monty, . exceeded chosen value

Y. =y, +bh+Qe” (e"h—l) 7%, was the most accurate. Otherwise, the initial
) e ' condition value in the month;,, was changed by
for i=123..., where h=x, -x was the constant eyaluated monthly prognosis,. This initial condition
size step. The unknown coefficients were calculdigd drift allowed to fit reasonably well the real stock
f"(%,Y) exchanges and significantly improved the accuraty o

means of these  formulae v= % y,) predictions.
, X Yi Another improvement of the forecasting processduse
Q= PO YD) - 06 yi) 6, yi) - F'(x. i) in the model using two known initial values, walyirey
1- V) Ve¥ ' o v ' on the creation of the new differential equationtfie

In both determined models daily forecasting Wasduseform_ 3_/’ = Ay _for each calcula_teq prognosis. The
[18-21]. We form a monthly prognosis in the month, coefficient a; in the Cauchy intial problem was

by calculating the arithmetic mean of obtained )dailOletermlned by utilizing two known points;_,,¥; ] and
Zn [x;, Y], whereY;_; andY; were known stock exchanges
iz Yi
j=171

prognoses. Thusy,, = . In the model using @n previous mon_ths_fi_1 and x;. It allowed to c_alculate

i+l n just one prognosis in the month, ,. To determine next
initial condition drift the monthly prognoses withisix ~Prognosisy;,,,a new form of the differential equation
months following the end of the approximation temere Was acquired by calculating a new value of the fameht
determined. In the model using two known initialues @1 [18].

by means of two known poinfs;_,,Y;_,] and[x;, ¥;] just Within considered group of 36 forecasting terms of
one the prognosisy;,; in the monthx,,,, for i= Vvariants B and E, see Figure 2 and Figure 3, the
1,2,3, .., was calculated. forecasting performance of two studied numericatlel®

To compare the real data with calculated prognosis Was investigated. To confirm the _effecienty of me@d_
|y -y | models the most accurate numerical model was dkfine
S S

Ys, the absolute percentage e”i@"s| ==>__>100% for each forecasting term [21]. The forecastingcess of

Ys chosen numerical forecasting strategies is shown in
was computed. The price prognosys is acceptable in Table 1. The analysis reported in previous resefth
show that prediction performance of the model using
known initial values was higher, especially in aati B.
value [18-21]. In the following figures (Figure 8, 6, 7, This strategy acquired the lowest MAPE in 21 fostice
8, 9 and 10), critical values are red. If the p@ajs was terms. In one forecasting term the same resultsoit
not critical value, but its absolute percentageremas determined models were obtained. On the other Hhed,
greater than 7%, then that is blue. The prognoststile  model using initial condition drift was the mostsassful
absolute percentage error less than 7% are green. jf 14 forecasting terms.
evaluate effectiveness of forecasting in different Comparing the values of calculated prognoses and
forecasting terms of the length of six months, itradal  stock exchanges within observed forecasting temisd
statistical metrics, the mean absolute percentager e chosen numerical models we have found that the

practice, if|pS|<10%. Otherwise, it is called critical

! prognoses determined by the model using two known
Z|ps| initial values were more increasing or decreasingnt
(MAPE), p==1—  was utilized [19-21]. prognoses calculated by the model using initialdition
t . ) drift [21]. They were able to immediately changeith
3 Results and discussion course. The computed prognosis followed the trehd o
3.1 Results of proposed numerical commodity two previous initial stock exchanges in the months
price forecasting andx; Y_; <Y; <4, Y;ioq >Y; >y, respectively.

Among all our proposed approaches consisted ifhe forecasting performance depended on the iityesfs
formation of the numerical price forecasts two thest either an increase or a decrease of the stock egeka
acceptable numerical prognostic models were foiiing. within three observed months;_;,x; and x;,,. The
objective of this study is to compare the perforoeanf steeper the increase or decrease in the price ajgaent
two suggested accuracy improvements within numkericaas, that means the differencl,, — Y| — |Y; — ¥;_,|
forecast. The first way of improvement, used intimdel was larger, the more effective was forecasting hy t
using initial condition drift, was focused on chamggthe model using two known initial value [18].
value of the initial condition in solved Cauchy tial
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Table 1 The success rate of determined mathematicdéls

The model using initiecondition drif The model using two known initial val
Variant E 2 9
Variant E 13 13
Total 15 22

As can be seen in Figure 2, in variant B longetlecreased steeper. It was the reason why diffeseimce
approximation terms than in variant E were usedhe forecasting success of chosen numerical models

Obtained exponential approximation functiops: a,e®  became smaller.

. . . . . . Let analyze the forecasting effectiveness of two
which determined differential equations in the foyfn= determined numerical models within different price
a,y affected the rate of an increase or a decrease

calculated proanoses in the model using initialdit evolution. We were interested wheather the price
. -0 prog o 9 : movements affected accuracy of two chosen foragasti
drift. Using longer approximation terms of variadBta

. strategies. The forecasting terms of variants BE&mdkre
prognoses increase was more moderate. It was oitea

disadvantageous than steeper increasing progno%\gded into groups with the same type of the price
calculated by the model using two known initial uesd. vement. Within these groups, for each forecaséng

On the contrary, there were shorter approximat@ms the model with lower MAPE value was found. The
) . ry, the pp - forecasting effectiveness of proposed mathematical
in variant E, see Figure 3. Thus, calculated posgs in

the model using initial condition drift increased Omodels is illustrated in Table 2 and Table 3.

Table 2 Distribution of the number of forecastiegs in groups of price movement - variant B

The model using The model using two
initial condition drif | known initial value
Stable price increa 0 3
Significant fluctuation 1 3
Price decline following the price increi 1 1
Price increase following the price dec 0 2

Table 3 Distribution of the number of forecastiegs in groups of price movement - variant E

The model using The model using twg
initial condition drifi known initial value

Stable price increa 1 2

Significant fluctuatiol

6 3
Price decline following the price increi 5 1
1 7

Priceincrease following the price decli

The results confirm higher forecasting effectivenets within a price decline following the price increasehen
the model using two known initial values in bothigats better results were obtained by the model usingalni
B and E within a stable price increase, and when tltondition drift six times. Otherwise, forecasting the
change in the price development lasted longerpakide model using two known initial values was more aateir
seen in a price increase following the price declinin two forecasting terms. Also significant fluctiget in
Within these price movements, the model using tweariant E, using shorter approximation terms, was n
known initial values was more accurate 13 timebdth always suitable for the forecasting strategy usedhée
variants. There was only one forecasting term wihen model using two known initial values. In 2/3 of the
model using initial condition drift was more sui@bThe forecasting terms with significant fluctuation ianant E
same results by both numerical models were obtaimedthe model using initial condition drift was more
one forecasting term. When the change in the priappropriate. In variant B, where longer approxiomati
development was short, more advantageous was tieems were used, forecasting by the model using two
model using initial condition drift. That can beese known initial values became more accurate. Thistetyy
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was more successful in 3/4 of the forecasting tewitis If an increase of stock exchanges was moderate,
significant fluctuation in variant B. forecasting by the model using two known initialues
was also more advantageous. Moderate increasing
3.2 Discussion about the forecasting success of  prognoses calculated by the model using initialdétiom
the model using two known initial values drift obtained the absolute percentage prognosesser
Let ana|yze the forecasting success of a mo"@SS than 7%, so the initial condition value wag no
successful numerical model, that is the model usimg replaced by the stock exchange. That made the ubsol
known initial values. The significant property diig Percentage prognoses errors increased with timeth®n
forecasting was steeply changing calculated pragmds Other hand, steeper increasing prognoses in theeimod
was more advantageous in the following price movese Using two known initial values showed better fostirey
« astable price increase results. A moderate increase was presented in the
If a price increase was steep, the absolute pergent forecasting termiuly 2003 — December 20@8ee Figure
prognoses errors increased with time. If they edede 9)- The initial condition drift did not occur, thdiAPE of
7%, the initial condition drifts occurred. That wagthis forecasting term was higher, 4.17%. More cores
necessary for an approach to the real steeplyanirg forecasting by the model using two known initialues
stock exchanges and remarkably improved forecabting Provided MAPE 2.14%.
the model using initial condition drift. But appodéng to

real stock exchanges was gradual and slower ™ x  Stock exchanges
Comparison to forecasting by the model using twovkm o The model using initial condition drift
initial value. The advantage of using two knownuesl 4 The model using two known initial values

was based on steeper increasing prognosis follotiag

increasing trend of two previous initial stock eanbes. 1600

The steeper an increase in the price developmesttiva

higher was an increase of the prognolierefore, 1550 #

forecasting was able to faster accommodate to ep ste

increase of the stock exchanges in the forecatsings. 1500
Within the periodOctober 2003 — March 200&ee

Figure 4), due to a steep increase, forecastinghby

model using initial condition drift failed in two omths of L %

the period (December 2003, February 2004). Usimg th ' ‘ =

initial condition drifts, MAPE declined from 9.44% 1400

4.98%. MAPE of this forecasting term by utilizinget

model using two known initial values was 2.74%. As

shown in Figure 4, a prognoses increase in the mod Y T % O R 4
. e . . . G “G‘Q, %5 fr P & [#2
using two known initial values was higher in conipan & 7 > @
to the model using initial condition drift. That O® Figyre 5 Forecasting by the numerical models withily 2003
forecasting more successful. — December 2003 (variant B)
ke = Blopmexdinnees » longer lasting changes in the price development, in
© The model using initial condition drift our case a price increase fO||OWing the price decke
a  The model using two known initial values The Significant and IOnger |aSting Changes in mmp
is0n development made forecasting more problematicabec
. of a price increase following the price declinecréasing
1700 . stock exchanges in the corresponding approximation
x terms caused either slowly increasing or even dsarg
166 % course of the approximation functions. Thus, calad
. ) prognoses in the model using initial condition tdwiere
_ : - highly inaccurate at a steep increase. Repeatal ini
e ) condition drift was necessary for putting the proggs
4 nearer to a steep price increase.
1400 Within the periodAugust 2005 — January 20Q6ee
Figure 6) the initial condition drift occurred twidn the
months with a steeper increase of the stock ex&hang

o B % %, «%,jf Y, (October 2005, December 2005). By replacing thgaini
% % % * % % condition value by the nearest stock exchangecésteng

Figure 4 Forecasting by the numerical models witictober was able to fit well a steep price increase. MAFE o
2003 — March 2004 (variant B)
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investigated forecasting term considerably decliffech  shorter lasting significant decline was changed ato
12.13% to 6.71%. Due to higher and continuous ae®e moderate increase. But an increase of calculated
of prognoses, better forecasting results were obthby prognoses in the model using two known initial eslu
the model using two known initial values, MAPES/8  were higher, too. That made this forecasting syategs

accurate.
Price
x  Stock exchanges L .
©  The model using initial condition drift Within the periodFebruary 2005 — July 200%see
a4 The model using two known initial values Figure 7) forecasting using the initial conditioriftdwas
2400 more suitable. The absolute percentage prognasis iar
g month with the highest decline (May 2005) exceetiég
2300 thus the initial condition drift occurred. Usingetlrift a

decline of the stock exchanges was captured and
remarkably reduced forecasting errors. MAPE of
2100 ' the forecasting term obtained by the model usiritiain
condition drift declined from 5.48% to 3.30%. MAR&

2200

2000 . -
§ " the model using two known initial values was 4.480¢
1900 . to higher decreased or increased prognoses.
* A,
1800 & o .
s x  Stock exchanges
o The model using initial condition drift
- P o & > 2, 4 The model using two known initial values
%o E S % %
% % % % % %
) ) ) o 2100
Figure 6 Forecasting by the numerical models withugust
2005 — January 2006 (variant E) o
2000

3.3 Discussion about the forecasting success of
the model using initial condition drift 1900 : x
Although forecasting by the model using two known
initial values was generally more suitable, a mater gy
increase of prognoses supported by occasionalaliniti 5
condition drift in the model using initial conditiodrift 3
was more advantegeous especially in either a mtera L
fluctuation or in a significant decline followinge price
increase.

. . . . G 2N % 9 G %
» shorter lasting changes in the price developmentni ’

our case a price decline following the price incres®  Figure 7 Forecasting by the numerical models withebruary

In case of a price decline following the price &ase, 2005 — July 2005 (variant E)
the prognoses calculated by the model using initial
condition drift were increasing as well. Forecagtimas ¢ significant fluctuation
able to fit considerably well a steep decline af #tock Also a significant fluctuation was usually
exchanges due to replacing the value of the initisihnapropriate for forecasting by the model using tw
condition by the stock exchange from decreasingepri known initial values. Often changing values of #teck
development. In variant E, the model using initiaexchanges caused higher increased or decreased
condition drift was more appropriate. Shorteprognoses. But a moderate increase of the stock
approximation terms made steeper increasing pregnosexchanges made this forecasting less inaccurateée Mo
so the absolute percentage prognoses errors wgherhi suitable was a moderate increase of the prognoses
and caused the initial condition drift sooner than acquired by the model using initial condition drift
variant B with a moderate increase of the forecastock exchanges in the forecasting term tended to
prognoses. moderately fluctuation, usually the initial conditi value

was not occured. This situation can be seen irpénod

The disadvantage of forecasting by the model usifgovember 2004 — April 2005ee Figure 8), when due to
two known initial values was steep change of cakead a moderate increase of the prognoses calculatetheby
prognoses. Within a steep decrease of the stookodel using initial condition drift MAPE of the
exchanges, a decline of calculated prognoses waslys forecasting term was 1.47%. By the model using two
higher than a decrease of the stock exchanges. TH#gwwn initial values MAPE was higher, 3.56%.
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Price ~  Stock exchanges Within a steep fluctuation of the stock exchanges
© The model using initial condition drift bigger changes of the prognoses obtained by fdiegas
& The model using two known initial values in the model using two known initial values werereno
accurate. Even reapeated initial drifts in the nhaking
P initial _conditi_on drift were not able to catch gthe
A changing price development. Thus, MAPE of the
2000 forecasting terndanuary 2006 — June 200 the model
* using initial condition drift improved from 9.43% 8%
1950 (variant B) or 8.06% (variant E). Due to steeper
fluctuating stock exchanges the initial conditioniftd
i % % occurred twice, see Figure 10. Forecasting by thdah
1850 , using two known initial values was more suitable fo
. kL these steep movements of the stock exchanges, MAPE
1800 observed forecasting term was 6.21%.
*, Q% %, % 4{% U, Frie x  Stock exchanges
a, % @ @y [N 23 o The model using initial condition drift
. . . . & The model using two known initial values
Figure 8 Forecasting by the numerical models witNovember
2004 — April 2005 (variant E) 3000 e
If a fluctuation of the stock exchanges becamepstee . o
some of the absolute percentage prognosis err@animc 2500
greater than 7%, therefore the initial conditionftdr
occurred in the model using initial condition drifthat - *
put calculated prognoses closer to steeper fluetiustibck
exchanges and forecasting became more accurate . 2 x
Considering the forecasting teriiay 2004 — October 2400 « ) s
2004 (see Figure 9), the absolute percentage prognosis '
error in the first month of the forecasting termswso - =
high that it caused the initial condition drift. @ mext
prognoses better forecast the stock exchanges witho % i B w9 @
new initial condition drift. Thus, MAPE of the farasting “a Ba Yy T %y Y

term in the model using initial condition drift deased

from 5.14% to 3.64%. The prognoses obtained by thi@gure 10 Forecasting by the numerical models initranuary

model using two known initial values changed fasser
for this model greater MAPE, 4.04%, was gained.

Price

x  Stock exchanges

o The model using initial condition drift

& The model using two known initial values

x

1800

a
1750 o

x
1700 = x
x

1650

x
1600
1550

% Y, T B %

e % ¥ Y7 % %

Figure 9 Forecasting by the numerical models witkfiay 2004
— October 2004 (variant E)

2006 — June 2006 (variant E)

4  Conclusions

The improvement of metal prices prediction accuracy
is still a highly challinging task. For this purgo$wo
successful strategies of numerical price forecgstimre
created in our previous research work. In this pdpe
effectiveness of their forecasts within different
movements of the price development was assessed. Th
exploratory results confirmed that proposed models
achieved significant increments in the accuracythef
commodity price forecasts by reduction of the mean
absolute percentage error in investigated foremasti
terms.

By comparing the obtained forecasts with investidat
aluminium stock exchanges, we have found that
forecasting by the model using two known initialuea
was usually more accurate. The success of foragdsy
this model depended on the intensity of eithemaneiase
or a decrease of the stock exchanges. The stebper t
increase or decrease in the price development thas,
more advantageous was forecasting by the modef usin
two known initial value. For each calculated progjsa
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new form of the differential equation in the Caudhiial [8] HORVATH, L., LIU, Z., RICE, G., WANG, S.: A
problem was determined using two nearest knowrkstoc functional time series analysis of forward curves
exchanges. It made prognoses steeper increasing orderived from commodity futures,International
decreasing than prognoses gained by the model usingJournal of ForecastingVol. 36, No. 2, pp. 646-665,
initial condition drif. Therefore, we recommendutilize 2020.

the stategy of using two known initial values withi [9] HU, Y., NI, J., WEN, L: A hybrid deep learning
steeper price movements. The forecasting was more approach by integrating LSTM-ANN networks with
successful especially at a stable price increadendtiin GARCH model for copper price volatility prediction,
an increase of the stock exchanges following theepr  Statistical Mechanics and its Applicationgol. 557,
decrease. On the other hand, moderate and graduallyArticle number 124907, 2020.

changing prognoses calculated by the model usiitiglin [10] SHAHVAROUGHI FARAHANI, M., RAZAVI
condition drift were more suitable especially at a  HAJIAGHA, S.H.: Forecasting stock price using

moderate fluctuation and within a price declinddaing integrated artificial neural network and metahdiaris
the price increase. If the absolute percentagenosg algorithms compared to time series modedsft
error became higher, replacing the value of thé&alni Computing\ol. 25, No. 13, pp. 8483-8513, 2021.
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